This paper studies a high order moments portfolio optimization model with transaction costs. The model takes kurtosis as objective function and takes the skewness, variance, mean and transaction costs as constraints conditions. Since the optimization problem is of high order and non-convex, it brings some difficulties to the solution of the model. Therefore, this paper transforms the optimization problem into a semi-definite matrix optimization problem by using the moment matrix theory, and then solves it. Through the study of four risky assets in China's securities market, it is found that transaction costs are significant parts in the study of portfolio model. In addition, sensitivity analysis shows that the kurtosis and skewness are positively correlated with the mean and variance invariant. When mean and skewness are constant, kurtosis and variance are positively correlated. When mean and skewness remain unchanged, the fourth order standard central moment and variance are negatively correlated.
except variance. Among them, skewness is used to measure the skew direction and degree of statistical data distribution and to represent the asymmetric characteristics of statistical data. It is also used to represent the asymmetric characteristics of the probability density function of the assets yield. If the skewness is positive, it means that positive returns are easy to generate. If the skewness is negative, it means that the potential risk is greater than the potential benefit. Skewness is defined as the third-order standard central moment statistically, ( )
where, r represents the assets yield, µ represents the expected return on risky assets.
Kurtosis is of a sharp peaks and fat tail character of the probability density function of the assets yield, compared with the normal distribution. If the kurtosis is 3, the density function of the assets yield is the same as the steepness of the normal distribution, that is, it has the same peak and tail characteristic. If the kurtosis is greater than 3, the density function of the assets yield is steeper than the normal distribution, that is, there are steeper peaks and thicker tails. If the kurtosis is less than 3, the density function of the assets yield is gentler than the normal distribution. Kurtosis is defined as the fourth-order standard central moment statistically,
Many scholars have considered skewness and kurtosis in their studies. Jean Pierre Aubin and Hlne Frankowska [4] pointed out that investors prefer the yield with a large skewness (the third order central moment) and dislike the yield with a large kurtosis (the fourth order central moment). Yixuan Ran et al. [5] considered the influence of skewness and kurtosis in their portfolio model and proposed the Grey Wolf Optimization algorithm to solve the problem. [11] and others studied the impact of transaction costs in investment portfolios.Wang and Liu [12] studied the multi-period mean-variance portfolio problem with fixed transaction costs and proportional transaction costs.
Suraj S. Meghwani and Manoj Thakur [13] incorporated transaction costs into the portfolio optimization model and formulated it as a three-objective problem, namely mean, variance and transaction costs. Atsushi Yoshimoto [14] studied the portfolio problem with variable transaction costs. Wei Chen et al. [15] proposed a possibilistic mean-semi-absolute deviation portfolio model with V-shaped transaction costs, and solved it by FA-SA algorithm. Xue Deng et al. [16] proposed the fuzzy mean-entropy portfolio models with transaction costs, and then sensitivity analysis of the objective function coefficients and constraint coefficients of the model.
Through the analysis of the above research, this paper takes transaction costs into account. In this paper, it is try to establish a portfolio model with kurtosis as the objective function and skewness, variance, mean and transaction costs as the constraints, then the model is transformed into a semi-definite matrix optimization problem by means of moment matrix theory, and then solved it. Moreover, this paper analyzed the impact of transaction costs on the portfolio, as well as the relationship between kurtosis and skewness, kurtosis and variance, fourthorder standard center moment and variance.
The rest of this paper is organized as follows. In Section 2, we present the portfolio optimization model with transaction costs. In Section 3, we describe the research methodology. In Section 4, this approach effectiveness is illustrated in experiments. Section 5 concludes the paper.
Model Description

Assumptions and Notations
In this section, assuming that in Chinese market without friction and not allowed to sell short. Then, The notation used in this article is illustrated. There are n risky assets, ( )
is the assets yield vector, ( )
is expected return vector of risk assets, ( )
is Portfolio expected return, P S , P V and P R are respectively given skewness, variance and mean.
Model Establishment
Investors can choose one of the mean, variance, skewness and kurtosis of portfolio as the objective function according to their risk preference, and the other three as the limited conditions to build a portfolio optimization model. In this paper, we choose kurtosis as the objective function, and the skewness, variance and mean as constraints to construct the portfolio optimization model.
The following model is obtained: 
Because the variance of each stock is constant, therefore, this paper respectively using the third order central moment 
Establishment of Transaction Costs Function
Transaction costs can be divided into explicit costs and implicit costs. The explicit costs are also known as the fixed costs, which is the general name of various taxes such as procedure fee and stamp duty. Implicit costs refer to the indirect costs incurred in the course of securities transactions. This paper will start with explicit cost, and the most direct manifestation of explicit cost is stamp duty, transfer fee and brokerage commission. The charging rules [17] are as follows:
1) Stamp duty: It is charged at 1‰ of the transaction amount and is unilaterally levied, that is, it is charged separately to the seller according to the transaction amount of the stock transaction.
2) Transfer fee: It is charged at 0.02‰ of the transaction amount, but the fee is only paid when investors conduct Shanghai stock and fund transactions. 
The Model with Transaction Costs
Assuming that the initial investment of the investor is 0, as this paper considers that short selling is not allowed in the market, so the investor's investment ratio i x is not negative. Therefore, the total transaction costs function is
ω represents a fixed proportion of the transaction amount, then the transaction costs function is a fixed proportional function of the investment amount [17] , thus, the improved portfolio model with transaction costs can be expressed as:
Algebraic Representation of the First Four Order Moments of the Portfolio Return Rate
The physics tensor operation is used to restate the variance, skewness and kurtosis of the portfolio yield, as follows [18] [19]:
The variance of portfolio yield:
The skewness of portfolio yield:
( )
The kurtosis of the portfolio yield: (2) can be rephrased as follows:
Method
According to Lasserre, Waki and Peng [8] [20] [21] , the optimization problem is transformed into the linear matrix inequality optimization problem by using the moment matrix theorem, and then transformed it into a semi-definite matrix programming problem.
where,
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:
2) If x * is a global minimizer of K P , then :
3) If x * is the unique global minimizer of K P , then :
x µ δ * * = is the unique global minimizer of K p .
According to the theorem 1, Formula (3) can be converted into the following problem:
That is to find the probability measure in the finite Borel probability measure 
From Formula (4), we can get
is the α -order moment of the probability measure µ .
Thus, the Formula (5) is transformed into the following problem: 
where, t is the degree of the objective function, and ( ) s t is the dimension of the basis of the objective function. 
Experimental Analysis
In order to further analyze the effectiveness of the proposed method, this section selects samples from the Chinese market for analysis. Two stocks of Shenzhen 
Sample Data Analysis
In order to simplify the problem, the risk-free assets are ignored, and the return on investment is based on the logarithmic returns,
, where i is the i-th stock and j is the j-th day, j A indicates the closing price of j-th day.
Calculate the Expected Rate of Return for Stock
Use the Excel to get the expected return on the four stocks, as shown in the following Table 1 .
Stock Variance, Third-Order Standard Center Moment, Excess Kurtosis (Fourth-Order Standard Center Moment Minus 3), Skewness, Kurtosis, Jarque-Bera Statistic
A scatter plot of the mean and third-order standard central moment and a scatter plot of the mean and excess kurtosis are given in Table 2 , as shown in the following Figure 1 . From the results, we can see that only by investing 28.70% of the total investment amount in Shenzhen Energy, 21.60% in Western Securities, 22.10% in Baiyun Airport and 27.60% in Guangzhou Port, so that the minimum kurtosis is 0.00000040.
After studying the case without transaction costs, we will continue to study the above portfolio optimization problem when considering transaction costs.
Solution of Portfolio Optimization Problem with Transaction Costs
According to the sample data, Formula (3) is concretized into the following optimization problem: ( ) 3  3  3  2 4  1 3  2 3   3  3  3  3 4  1 4  2 4   3  2  2  3 4  1 2 3  1 2 4   2  2  2  1 2 3  1 2 
According to Formula (10), the constraints can be converted into the following form:
0.00000510 0 0.00000510 0 0.00019227 0 0.00019227 0
0.00005332 0 0.00005332 0 1 0 1 0
According to Formula (7) , Formula (10) can be converted into the following form: T  1  2  3  4 , , , 0.2740, 0.2259, 0.2340, 0.2661 x x x x x = = From the results, we can see that only by investing 27.40% of the total investment amount in Shenzhen Energy, 22.59% in Western Securities, 23.40% in Baiyun Airport and 26.61% in Guangzhou Port, so that the minimum kurtosis is 0.00000045.
Summary
Without transaction costs, the investor takes 28.70% of the total investment amount to invest in Shenzhen Energy, 21.60% to invest in Western Securities, 22.10% to invest in Baiyun Airport and 27.60% to invest in Guangzhou Port. At this time, it can be concluded that the minimum kurtosis of the investment portfolio is 0.00000040. When transaction costs are taken into account, investors invest 27.40% of the total investment amount in Shenzhen Energy, 22.59% in Western Securities, 23.40% in Baiyun Airport and 26.61% in Guangzhou Port. At this time, the minimum kurtosis of the investment portfolio is 0.00000045. In both cases, although Shenzhen Energy has the largest proportion of investment, followed by Guangzhou Port and finally Western Securities, the proportion of investment in the four stocks is different. In addition, according to the analysis of the transaction costs function, the transaction cost accounts for 1‰ of the investment amount. When the investment amount increases, the transaction costs will increase relatively. Therefore, in the investment process, the impact of transaction costs cannot be ignored.
Sensitivity Analysis of the Relationship between Kurtosis, Skewness and Variance
In this section, we will give the relationship between kurtosis and skewness, kurtosis and variance, and the relationship between fourth-order standard central moment and variance, then further verify the effectiveness of the above solution.
Sensitivity Analysis of the Relationship between Kurtosis and Skewness
Firstly, we can set 0.00005332 P R = and 0.00019227 P V = , then the ideal skewness P S is continuously adjusted, we can get a series of optimal solution and the optimal portfolio kurtosis, as shown in Table 3 . According to Table 3 , the relationship of the skewness and the optimal portfolio kurtosis can be plotted. From Figure 3 , we can get the kurtosis and skewness of the optimal portfolio are positively correlated. Under the mean and variance of the portfolio unchanged, the kurtosis of the optimal portfolio increases with the increase of the skewness, which means that investors want to increase the skewness of the portfolio and need to take more risk of kurtosis.
Sensitivity Analysis of the Relationship between Kurtosis and Variance
In the previous section, we analyzed the relationship between kurtosis and variance. In this section, we will continue to analyze the relationship between kurtosis and variance and the relationship between the fourth order standard central moment and variance. Firstly, we can set 0.00005332 P R = and 0.00000510 P S = , then continuously adjust the ideal variance P V , and we can obtain a series of the optimal solution and the kurtosis of the optimal portfolio, as shown in Table 4 . From Table 4 , the relationship of variance and the optimal portfolio kurtosis can be plotted in Figure 4 , and the relationship of variance and fourth-order standard central moment can be drawn in Figure 5 . From Figure 4 , we can see that the kurtosis and variance of the optimal portfolio are positively correlated. When the portfolio's mean and skewness constant, the variance increases and the kurtosis of the optimal portfolio is also increase. Since the calculation of the fourth-order standard central moment ( ) K r is related to the variance, we also need to study the relationship between the variance and the fourth-order standard central moment. As shown in Figure 5 , the variance is negatively correlated with the fourth-order standard center moment, which means that the fourth-order standard center moment decreases with increasing variance when the portfolio mean and skewness are constant. 
Conclusions
In this paper, we study the portfolio model with skewness, kurtosis and transaction costs. This model takes kurtosis as the objective function and takes skewness, variance, mean and transaction costs as the constraint conditions. Because of non-convexity and high order of the objective function, this paper, based on Lasserre and Waki's research, transform the optimization problem into a semidefinite matrix optimization problem for solving. This method can effectively avoid the non-convexity and high order moment.
This paper selected two stocks of Shenzhen Stock Exchange, Shenzhen Energy (000027) and Western Securities (002673), and two stocks of Shanghai Stock Exchange, Baiyun Airport (600004) and Guangzhou Port (601228). By the example, we can get that the transaction costs would make the investment ratio of the four stocks different, in the case of other conditions unchanged. When we study the portfolio problem, the transaction costs cannot be ignored. In addition, we obtain the relationship between the kurtosis of the optimal portfolio and the variance, the relationship between the kurtosis of the optimal portfolio and the skewness and the relationship between the fourth-order standard center 
